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Abstract

This paper provides a method for the computation of Yoneda alge-
bras for algebras of dihedral type. The Yoneda algebras for one infinite
family of algebras of dihedral type (the family D(3Q) in K. Erdmann’s
notation) are computed. The minimal projective resolutions of sim-
ple modules were calculated by an original computer program imple-
mented by one of the authors in C++ language. The algorithm of the
program is based on a diagrammatic method presented in this paper
and inspired by that of D. Benson and J. Carlson.

Keywords: Yoneda algebra, algebras of dihedral type, projective
resolutions, module diagrams.

1 Introduction

The algebras of dihedral, semidihedral and quaternion type were defined
and classified by Karin Erdmann in [1]. They generalize the blocks with
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dihedral, semidihedral and generalized quaternion defect groups respectively.
The classification contains dozens of infinite families of algebras. Each family
is defined by a quiver with relations containing some parameters.

The Yoneda algebras of some algebras of dihedral and semidihedral types
were computed by the first author et al. in [2]-[10]. This computation
contains two steps: to find the projective resolutions of simple modules, and
to determine the Yoneda algebra. For the algebras that appear as principal
blocks of group algebras, these results allowed to find the cohomology ring
of the corresponding groups.

It turns out that for all considered algebras, the minimal projective res-
olution of a simple module can be represented as the total complex of an
infinite bicomplex (except the cases where this module is 2-periodic). The
bicomplex repeats itself in some regular way. To understand the periodic
properties of the bicomplex, it is often necessary to determine its first 10-20
diagonals. This computation being rather difficult to do by hand, the ob-
ject of this work is not only to find the Yoneda algebras for other families
of dihedral algebras, but also to use computer-based techniques to find the
projective resolutions.

Recently [10] we have already applied our method to determine the Yoneda
algebra for one infinite family of dihedral algebras: the family D(3£) in the
notation of [1]. The projective resolutions for this family were computed by
an original C++ program Resolut [11] implemented by the second author. In
this paper, we give another application of our technique and compute the
Yoneda algebra for algebras that constitute the family D(3Q).

The algorithm of the program is based on a diagrammatic method inspired
by that of David Benson and Jon Carlson [12]. Although our definition of
a diagram is different from those of [12, 13, 14|, many ideas and diagram
constructions of [12] still apply in our case. An important advantage of our
approach is the possibility to implement a significant part of the Yoneda
algebra computation in a computer program.

The program Resolut examines the algebra defined by the given quiver
with relations (with fixed values of parameters) and computes the minimal
projective resolutions of the simple modules over this algebra. It takes less
than one second to compute sufficiently many modules in the bicomplex to
see its structure. Running the program for different parameters allows to
conjecture the general form of the bicomplex for arbitrary parameters. The
conjecture is easy to prove by hand, as the bicomplex contains only finitely
many different squares.

The paper is organized as follows. In Section 2, we define the family
D(3Q) of dihedral algebras, state our main result and describe our method
of computation of Yoneda algebras. Section 3 introduces the notion of a



diagram and provides some properties of diagrams. In Section 4, we apply
the diagrammatic method to compute the minimal projective resolutions and
syzygies of simple modules. We define the generators of the Yoneda algebra
in Section 5 and complete the proof of our main result in Section 6.

2 Main Result

Let K be a field, A be an associative K-algebra with identity, M be a
A-module (all the considered modules are left modules). The K-module
Ext(M) = B, Exty' (M, M) can be endowed with the structure of an as-
sociative K-algebra using the Yoneda product [15]. The algebra Ext(M) is
called the Ext-algebra of M.

If A is a basic finite dimensional K-algebra, we set A = A/J(A) where
J(A) is the Jacobson radical of A. The Ext-algebra Ext(A) is called the
Yoneda algebra of A and is denoted by Y(A).

Let k,s,t be integers such that £ > 1 and s, > 2. We define the
K-algebra Ry s; by the following quiver with relations (we write down a
composition from the right to the left):

(e

fo=al=pb=dp=0,
(AB)* =a®,  (BA)" = p".
The algebras Ry, s; compose an infinite family of dihedral algebras, which
is denoted in [1] by D(3Q). Every Ry s is a symmetric algebra (and therefore
a (QF-algebra). To describe the Yoneda algebra V(R s.), let us consider the
following quiver

(2.1)
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Let K[R] be the path algebra of R. We define the following grading on K[R]:

deg(z;) =1, i=1,2,3,4,5;
deg(y;) =2, i =1,2; deg(z) =3, degw = 6.

Consider the following relations on the quiver R :

2 =0(s,2)y1, x5 =0(t,2)ys,
Tyl = 5Ty = T2X5 = T4lYy = Y15 = 0,

T1Y1 = Y1T1, YaTo = TaY1, TalYo = Yals, (2.2)
2wy = —0(k, 1)y}, wyz=—06(k,1)y3,
Y12 = Y2, TaT3XX12 = — WXy, 2X3T2X1T5 = —T5W.

Here §(i, j) denotes the Kroneker delta function: (i, j) = 1if i = j, and
0 otherwise.

Let & s: be the K-algebra defined by the quiver R with the relations
(2.2). As all these relations are homogeneous, the algebra & ¢, inherits a
grading from K[R]. We can now state our main result.

Theorem 2.1. The Yoneda algebra Y(Ry.s+) is isomorphic, as a graded al-
gebra, to & 5.

To simplify notation, we set R = Ry 54, £ = Epsy and Y = Y(R). We
denote by e; the idempotents of R corresponding to the vertices i = 0,1, 2
of T. There exist three indecomposable projective R-modules and three
simple R-modules (up to isomorphism), they are defined by P, = Re; and
S; = P;/(J(R)P,), respectively.

Let us now describe our method of computation of the Yoneda algebras.
This method can be also applied to other families of dihedral algebras defined
in K. Erdmann’s classification [1].

1) We examine the given quiver with relations 7" to find the bases and the
diagrams of the indecomposable projective modules.
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2) Using the diagrammatic method, we compute the bicomplexes such that
their total complexes give minimal projective resolutions of simple modules.
We also describe the syzygies in terms of diagrams. The first two steps can
be done today by the program Resolut [11].

3) We chose some generators in the groups Exty(S;,S;) and check if they
generate the groups Ext%(S;,5;) in the Yoneda algebra. If not, we chose
additional generators in Ext%(.S;,.S;) and so on, until the generators seem to
generate the Yoneda algebra.

4) Computing the products of the generators, we find the relations and con-
jecture a quiver with relations defining the Yoneda algebra. The conjecture
is proved as it is shown below.

3 Diagrams

Let A be an algebra defined by a quiver with relations W, and let L be the
set of edges of W. Let M be a A-module and D = (V, E,¢) be a finite
directed graph with vertices V', edges E and a labelling function ¢: F — L.
Ifi,7 € V and e € E is an edge i — j with the label p(e) = v € L, we write

e=-e(i,j) or e =e(i,j,7).

Definition 3.1. We say that M has a diagram D if there exists a K-basis
{vi|1 € V} of M such that

(i) for any edge e(i, 7,7), we have yv; = v; or yv; = —v;,

(ii) for any ¢ € V and v € L with yv; # 0, there exists a unique j € V' such
that e(i, j,v) € E,

(iii) for any v;, the R-module top (Rv;) is simple, i.e. Rv; is a local module.

The same module M can have different diagrams according to this defi-
nition. As we consider the diagrams with respect to some fixed bases, we do
not need the diagram uniqueness in our results. For simplicity of notation,
we assume that a non-directed edge in a diagram denotes an arrow from the
higher vertex to the lower one, and we write sometimes just ¢ € D instead of
i € V. It is convenient to write the simple module top (Rv;) in the vertex ¢
of the diagram.

To give an example of diagrams, let us determine the diagrams of the
R-modules P, = Re;, i = 0,1,2. It is easily seen from (2.1) that P; have the



following K-bases:

PO - <607 «, a27"‘7 as—l’ ﬁa 567 )\667

BONB, ..., 6B(NIB)FL af = (A6B)F); (3.1)
Pr= (e, p, p*, ..., p71,8, \d, BAS,
GBS, ..., AM(BAO)FL pt = (BAO)F); (3.2)
Py = {ey, \, BA, 08N, AOBA, ..., BAGBN)FL (68M)F). (3.3)

We obtain using (3.1)—(3.3) that the modules Py, P, and P, have the
diagrams

So Sl SQ

o N /RN B

SO Sl Sl SQ SO

|a B o A |8

S() 52 Sl SO Sl

| e s s

So So S1 S So (3.4)

| s B B

| |6 o s

SQ 52 Sl SO Sl

oA N B s
SO 5 Sl ) 52 )

respectively.
Set

b= (BA6)L, d = (86N, 1= (M)

(if £ = 1, we take b = e1, d = e, | = ep). We will use the same letters
for the elements of the path algebra K[T] and for their images in R. For
abbreviation, we denote a sequence of edges in a diagram by one edge and
write the composition of the original edges nearby. The diagram of P, can
be written in this notation, for example, as

SO S() SO
Ja BN\ Jas=1 66IN Jas=1 5PN
SO Sl SO SQ or S[) SQ
o=\ /Ao o\ A a\ /Ad
SO ) SO SO

Although our definition of a diagram is different from that of [12], many
definitions and diagrammatic constructions from [12] are applicable in our
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context. We briefly discuss some definitions and properties which will be
useful below. Let D = (V, E, ) be a diagram of M and let {v;|i € V'} be
the corresponding basis of M. If another R-module M’ has the same diagram
D, then M ~ M'.

We say that D' = (V', E',¢') is a subdiagram of D if V! C V, E' =
{e(i,j) € E|i,j € V'} and ¢ = ¢|g. Note that a subdiagram D’ of D
contains all edges that connect two vertices of D’, therefore D’ is entirely
determined by its set of vertices V. The R-submodule generated by {v; |j €
V’} has a diagram which is the subdiagram of D containing all vertices (and
therefore all edges) lying on the paths with origine in V.

We say that a subdiagram D’ of D is open if for any vertex j € D', D’
contains all vertices lying on the paths in D with origine j. In this case, the
R-submodule M" C M generated by {v; |j € D'} is equal to ;. Kv; and
has the diagram D’.

Dually, we say that a subdiagram D’ of D is closed if for any vertex j € D',
D’ contains all vertices lying on the paths in D with end j. Let M, denote
the submodule M, generated by {v;|j ¢ D'}. The quotient M = M /M,
has the diagram D’. If 7 : M — M is the canonical projection, the element
7(v;) € M will be also denoted by ;.

As a subdiagram is determined by its set of vertices, we can define the
set theoretic operations for the subdiagrams of D by the corresponding oper-
ations on their sets of vertices. The open subdiagrams define a topology on
the (finite) set of subdiagrams of D, and the open and closed subdiagrams
are complementary.

The modules Rad M and top M = M/Rad(M) can be also easily de-
scribed in terms of subdiagrams. Let Dgr.q be the open subdiagram of D
with vertices Vrag = {j € V| there exists an edge e(i, j) in D}, and let Dy,
be the closed subdiagram of D with vertices Vio, = V'\Vkaqa and no edges.
Then it is easily seen that Rad M has the diagram Dg,q with respect to the
basis {v;|j € VRaa}, and top M has the diagram Dy,, with respect to the
basis {75 | j € Viop }-

Finitely, we introduce the concept of cutting and pasting as in [12].

4 Projective Resolutions

a9 (%) a9 () d(:)l
For a simple R-module S;, let ... — @} — Q,° — S; — 0 denote

the minimal projective resolution of S;. We will write Q™(S;) for its n-
th syzygy Im (d(l) (M)), n > 0. The multiplication on the right by an

n—1
element x € e;Re; induces a homomorphism from P; into P;, we denote this



homomorphism by the same letter x.

In this section, we use the diagrammatic method to find the minimal
projective resolutions and syzygies of S;. Since the vertices of a diagram of
an R-module M correspond to a basis of M and the edges reflect the R-
module structure on M, we can consider diagrams and diagram maps rather
than modules and homomorphisms. Diagram homomorphisms (obvious in
our context) can be formally defined as in [12, Def. 2.6].

We identify Sy with (o) C Py. Set Q(()O) = Py and define an epimorphism
d(_oi : ng) — Sy by d(_og(eo) = o’. Then we have an exact sequence

So Sy .
e N An = QY S s,
S

where the open subdiagram on the left represents Q'(S;) C FPy. Since
ker d(_oi C Rad Py, d(_O% defines a projective cover of Sy. Set ng) =P PP
and define an epimorphism déo) : §°> — QY(Sy) by déo)(eo,O) = «a and
déo)(O, e1) = 3. We have an exact sequence

Si So S1

N A N e = QY
So Sy

(a’ﬂ) Q]_(SO> ,

where the left diagram represents

02(Sp) = kerdy) = (5,0, (38,0), ..., (AOB),0),
(==, Adb), (0, (BAG)F), (0,01, ..., (0,p)) C Py @ P, .

Since ker d(()o) C Rad ng), d(()o) also defines a projective cover of Q'(Sp). Con-
tinuing in the same manner and using the induction, the reader will prove
the following propositions.

Proposition 4.1. a) The diagrams of Q°(Sy) and Q'(Sy) are, respectively,

So Sy

So and N /A6b
So .

b) Let m > 2 be an integer. Suppose m = r (mod6) with 0 < r < 5. Let D
be the diagram of Q™ 2(Sy). Then the diagram of the module Q™(Sy) can be
obtained from D by adjoining or omitting some subdiagrams (depending on
r) on both sides of D. The following table shows the subdiagrams to adjoin
(+) and to omit (=) on the left and on the right side of D:
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52 52 SO
r=20 N - D AN S
S() SO
So S So Sy
r=1 as-N0 + D o\ b
S() SO
Sl So S(] Sl
r=2 AN b + D N
S() Sl
Sh So Sh Sy
r=3| «N & + D N
Sl Sl
S Sh Si
r=4 ﬁ)\d\\ /p + D %
Sl SQ
Sl S2
r=35 /s + D %
S So

Proposition 4.2. a) The diagrams of Q°(S;) and Q'(S;) are, respectively,

S2 S1

BAdN =1
Si :

Sy and

b) Let m > 2 be an integer. Suppose m = r (mod6) with 0 < r < 5. Let D
be the diagram of Q™ 2(S1). Then the diagram of the module Q™(S;) can be
obtained from D by adjoining or omitting some subdiagrams (depending on
r) on both sides of D. The following table shows the subdiagrams to adjoin
(+) and to omit (=) on the left and on the right side of D:



51 S() SO Sl
r = 0 pt_x /ﬁ + D + ox Aéb
Sl SO
SQ Sl SO Sl
r=1 BAN /p + D + EN /ot
Sl Sl
Sl Sl 52
r=2 A + D + p\\ /,g)\d
SQ Sl
So S1
r=3 AN — D + N
SO SZ
SO SQ S2
r=4 as—\ /)\ + D - A
So So
51 So SZ SU
r=>5 M\ Sa + D + N Sas
S() SO

For example, the diagram of Q3(S)) is obtained from that of Q!(S;) by
omitting the edge A on the left and adding the edge § on the right:

Q' (S1) Q3(S1)
Sy S So S1
bﬁ/\ /pt—l > bﬁ\\ /pt—l %
Sl Sl 52 .

Let
BY ={ By, A} By — Bi1;, AL By — By }

be the bicomplex (4.1) lying in the first quadrant of the plane (i.e. B;; =0
if i < 0 or j <0), where i denotes the column index and j denotes the row

index. The bicomplex BY is invariant with respect to translations by the
vector (5, 1) anywhere below the main diagonal and by the vector (1,5) above
the main diagonal (modulo the minus signs which are added to all Al(-?) with

odd 7). In particular, these rules define the boundary maps of the bicomplex
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as follows (i,7 > 0):

(h) _ (h) —
Dsjirg = =850y for =123,
A(i{) ) A(U)

?’31;-3,3—&-1 ?}S])'+1)+3,j+2 ;
A?j;mjﬂ — A?(g+1)+r,j+2 for r =4,5;
A sigr = Ay forr=1,2,34,
Am = AW

z+)1,52+4 z’+)2,5(i+1)+4 ;
Ai+1,5z‘+5 - Ai+275(i+1)+5 :

The bicomplex BY is also invariant (again modulo the minus signs) with

respect to translations by the vector (1, 1) strictly inside the non-zero part.

Pt p 2 p Mgt g P
x| a 8| al Adb |
P, BAd P, pt1 P, Adb ja as™1 Py B P, p
5] al ) A
pp g g g op N (4
a 5] a| ab| ot 8|
P g g pet p M opo
8l al Ash | Pt o] a1 |
p_p L p. p. XN p. . p. 7
ol O
Pl pL Pt p

Proposition 4.3. The minimal projective resolution of the R-module Sy
coincides with the total complex of the bicomplex BY.

To describe the minimal projective resolution of the module S; we con-
sider the bicomplex B! in (4.2) which has properties similar to that of the
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bicomplex (4.1).

P2 BAd P1 pt—1 P1 Adb PO a1 PO Bl
5] al 8] ol x ]
pp 2 p g P e
al 8] a| vl
P g g per p N

8| al x5 | o] o] (4.2)

25| ot | si| a1 Adb |

P2 p ot p 2 p = p L op
sl el e
P’ _p ° _p

Proposition 4.4. The minimal projective resolution of the R-module S
coincides with the total complex of the bicomplex B{Y.

We emphasize that the main difficulty of this step of our method is not
in proving, but in finding the bicomplex, whose periodic properties can be
rather complicated. Although Propositions 4.3 and 4.4 can also be proved
by a straightforward verification of exactness or by using a spectral sequence
as in [5b], our version of the diagrammatic method seems to be the most
convenient tool to find the bicomplex.

The following proposition can be verified directly without diagrams.

Proposition 4.5. The module S, is Q)-periodic with period 6 and its minimal
projective resolution s

k
LPQ(@ PnglLP1i>POL>POL>PQ—>SQ—>O.
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Corollary 4.6. Let m >

and0<r

5. Then we have:

a) Q¥ ~ Pr @ PY @ Py with

¢

\

29+ 1,29+ 2,1),
2q+ 2,29+ 2,0),

b) Q% ~ Prép P @ Py with

\

(2 + 1,24,0),
(2¢+ 1,2+ 1,0),
(n,n',n") = ¢ (2¢+1,2¢+ 2,0
(
(

)
),
)
)

(2¢,2¢ +1,0),
(2,29 +1,1),
(n,n',n") = ¢ (2¢+1,2q + 1,0),
(2¢+ 2,29+ 1,0),
(29 + 2,29 + 2,0),

0 be an integer. Suppose m = 6q + r with q,r € Z

if =20,
if =1,
if r=2,
iof r=3 or 4,
if r=2>;
if r=20,
if r=1o0r 2,
if r=23,
if =4,
of r=>.

The following corollary gives the dimensions of Ext (S;, S;).

Corollary 4.7. Let m
and 0 <r <

a)

5. Then

> 0 be an integer. Suppose m = 6q + r with q,r € Z

dimK Eth(S(], So) = dlmK Ext"R"”(Sl, Sl)

dlIIlK Eth(So, Sl) =

dimK Eth(Sl, So) =

dlmK EXtTﬁ(SQ, SQ) =

dlmK Eth(So, SQ) =

{
{

2g+1, if r=0,1,2,3.4,
2+ 2, if r=25;

(29, if r=0,

2+ 1, if r=1,

(29 +2, of 1=2,3,4,5;
(24, if r=0,1,2,
29q+1, if r=23

(29 +2, if r=4,5;

1, if r=0,5

0, if r=1,2,3,4;
dlmK EXt}?(Sg, Sl)

13
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0, if r=

0,1,2,5;



f) dlmK EXtTRCL(S%SO) == dlmK Extg(51752>
1, if r=1,2,
0, if r=0,34,5.

Remark 4.8. By Proposition 4.3, we have QW = @D, j— Bij- The mod-
ules in this direct sum will be always ordered with respect to the first index,
for example, we write Q:(,)O) =By ®Bios®Boyy P Byg=P,DdFPyd PP
We use similar notation for modules Q%). The simple direct summands
of topQ™(S;) ~ top Q%) will be ordered in the same way; for example,
top Qéo) =51 DSy ® S b Y. We call such decompositions of Q%) and
top Q%) the canonical decompositions.

5 Generators

In this section, we indicate a finite set of generators for the Yoneda algebra:

Y(R) = Ext(R/J(R)) = P @ Ext?(S;, S;).

m2=0 ,j=0

Let us recall some facts and notation related to the Yoneda algebra (see also
[15, Chapter 2]). Since S; is a simple R-module, we have Ext(S;,5;) ~
Homp(2™(S;),S;). Let ¢ be an element of Extf(S;,S5;). Its image ¢
in Homp(2™ (SZ»),S ;) induces a morphism of projective resolutions {f; :
Qs}-ﬁ-l—l — Q |1 = 1} and a homomorphism fj : Q(Z)_l — P;. We have a
commutative dlagram
o ‘
Qu = (s © QL
lfl lﬂ; Lfo (5'1)

g
§f — 8§ < B

We see that ¢ can be represented by the outer square of (5. 1) because this

commutative square uniquely defines the map 7,0 Moreover @/} is unlquely
defined by providing only a homomorphism f; : Qm — QO such that d 1 f

annihilates Ker dm—l‘ In this case we write w = sq(Qm LN (()J)). The
homomorphisms

Q) mH(S;) — Q(Sy), QW) = filom+i(sy),s

14



are called the Q-translates of ¥. We have Ql(zz) = sq(Qf)?H Iy l(j)). If p €
Ext (S}, Se) =~ HomR(Q”(S ), Se), the Yoneda product ¢t € Ext*"(S;, Se)
has the image gpw = Q- Q"(w) in Hompg(Q""(S;), S.). Moreover, if @ =
sq( g 9, )) then gmﬁ = sq(an)Jrn LILLEN (()e)). Although the maps
Ji and the -translates are not uniquely determined by QZ, it is easily seen
that the resulting map ¢ does not depend on their choice. Since R is a
Q) F-algebra, we can also translate the maps from left to right: any map
p: QmH(S;) — Q1(S;) induces a map p: Q™(S;) — S; such that p = Q'(p).

Consider the homogeneous elements of Y(R) defined as follows:

T € EXt}pL(So, So), T € EXt}%(S(),Sl), T3 € EXJD}%(SI, Sl>,
S EXt}%(Sl, SQ), Ts € EXt}%(SQ7 So),
Y1 € EXt%(SQ, So), Yg € EXt?%(Sl, Sl),
A EXt?I’%(Sl, S()) U) G EXt%(SQ, SQ)

7 =sa(Q” L2 Q). 7, —sq@l CD oMy, :cg—sq@l 22 o),
m—sq(Ql 2 QP >, s(Q & °>>,
5 = sq(@Q) P QY m =sq(Q5” =2 Q).
2= sq(Qi" 2 Q), @=sq<@é“—> é”»

It will cause no confusion to use the same letters as for the elements of £ (we
will use only z;,v;, z,w € ) in this section and only x;,y;, z,w € £ in the
proof of Proposition 6.1). To show how we compute the -translates, let us
determine Q'(7;). The map 7, is defined by the right square in the diagram

B —aml 0
Ao
2 ) QU D, oo
ar TR

go) —>(a 5 Qéo) - Fy .

ocﬁ)

We have to find a map U : PP@ PP P — Py P, such that the di-

agram commutes, and therefore Q'(7;) = Sq(QéO) = ng)). Writing the
corresponding matrix equation, we see that we can take, for example,

oo (), 52
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Proposition 5.1. The extension groups below have the following K -bases:

EXt}:i(So,;Sb) = <I1>, EX)E}%(Sm Sl) == <l‘2>,
EXt}%(Sl,Sl) = <ZU3>, EXt}%(Sl,Sg) = <$4>,
EXth(SQ,So) = <LE5>, EXt%(S(),So) = (y1>,
EXt%(Sl,Sl) = <y2>7 EXt%Z(S()7 Sl) = <$2I1,CL’3ZE2>,
EXt%(S]_,SQ) = <334.CI?3>, EXt%%(SQ,So) = <$1.CE5>,
EXt%(SO,So) = <$1y1>, EXt?I’%(So,Sl) = <.§l]3$2{171,132y1>,
EXt%(S@,SQ) = <l’4$31’2>, EXt%(Sl,Sl) = <ZL‘3y2>,
Ext(S1, S0) = (2), Ext (S, S1) = (zoz125),
Ext(So, So) = (u1), Extr(So,S1) = (yor21, 23w2y1),
EXt;(SO,SQ) = <l’4$31’2$1>, EXt‘}lz(Sl,Sl) = <y§>,
Exth(S1,S0) = (zx3, 112), Exth (S, S1) = (z307175),
Ext% (S0, So) = (11y%, 2x372),  Ext3(So, S1) = (w3927271, 1277),
Ext%(S1,S0) = (z1273, 41 2), Ext%(S1, 1) = (x3y2, 1911 2),

EXtEI]%(SQ,SQ) = <l’4l‘3$’2$13§'5>.

Proof. We prove only that Ext%(Sy, S1) = (w921, x372). The other groups
are considered similarly, and we leave it to the reader.
Since T» = sq(Q\” oD, Q) and Q@) = sq(QY L Q) where
U is defined in (5.2), we have 7507 = 2 - (%) = sq(QY ACDLN Q) =
sq(QY) 1.00), QY). In the same manner we obtain 37, = T3 - Q1 (Zp) =
(0,0,1)

sq(QéO) -5 Q(()l) ). We see now that zox; and z3x, are linearly independent.
It remains to note that dimg Ext%(Sy, S1) = 2 by Corollary 4.7 b). O

Lemma 5.2. Let S be a simple R-module, My and My be two R-modules with
diagrams Dy and Dy with respect to the bases {vi,}, C My and {veg}, C My
respectively. Suppose that D' is a closed subdiagram of Dy and an open
subdiagram of Dy. Let ¢ be a common vertex of D'y, and (D3)iey. Suppose
that f : My — S is an R-homomorphism such that the f(vi;) = 0 for any
vertex j € (Di)iop, Jj # c. Then there exist R-homomorphisms g: M; — M,
and ' : My — S such that f = f'g.

Proof. Let M’ be the submodule of M, defined by D', we identify it with the
corresponding to D’ quotient of M;. Let w : My — M’ and i : M' — M, be
the canonical epimorphism and monomorphism respectively. Set g = ir. We
have g(vi) = i(m(vic)) = i(vae) = vae and ¢ € (D1)top since D'iop C (D1)top-
As S'is asimple R-module, for any h € Hompg(M;, S) we have h(Rad M;) =
0, hence Hompg(M;, S) ~ Homg(top M;, S). Denote by h € Hompg(top M;, S)
the image of h by this isomorphism. Since top My = @jE(DQ)mp Kusj;, we
can define a homomorphism f’ : top My — S by f'(v3) = f(vi.) and
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f(vg;) = 0 for any j € (Da)sp, j # c. It is easily seen that the corre-
sponding f' € Hompg(M,, S) satisfies f = f'g. O

Proposition 5.3. The set X = {x1, 29, T3, %4, %5,Y1,Y2, 2, W} generates the
Yoneda algebra Y(R) as a K-algebra.

Proof. We prove by induction on m that the groups Ext(S;,S;) are gener-
ated by some products of elements of X. For m < 5, this follows directly
from Proposition 5.1 and Corollary 4.7. Assume that m > 6 and that our
statement holds for all Ext%f”/(SZ-, S;) with m’ < m, we will prove it for m.

If 7 = 2, we notice that, by Proposition 4.5, the multiplication on the left
by w induces the isomorphism

Eth’_G(Si, Sg) i> EXtrg(Sl, Sg),

and our statement for Ext};(S;,Se) follows from the induction hypothesis.
Similar arguments apply to the case ¢« = 2. It remains to prove our statement
for 4, j € {0, 1}.

Using the isomorphism Ext7;(S;,S;) ~ Hompg(2"(S;), S;), we represent
an element of the group Ext(S;, S;) by the corresponding map f: Q™(S;) —
S;. Since Hompg(Q2™(S;), S;) ~ Hompg(top (27(S;)), S;) and top (2™(S;)) is
a direct sum of simple modules, we can assume without loss of generality
that f induces a non-zero map on at most one simple direct summand in the
canonical decomposition of top 27 (.S;) (see Remark 4.8).

First we consider the case 7 = 0.

Case 1: m = 1(mod6). a) Assume that f: Q™(Sy) — S; induces zero
maps on the extreme (the left and the right) simple direct summands of
the module top Q™(Sy). It follows from Proposition 4.1 that the diagram
of Q™72(Sy) is a closed subdiagram in that of Q™(Sy), hence Q™ 2(Sy) is
a quotient of Q™(Sy). Applying Lemma 5.2 with M; = Q™(Sy) and My =
M' = Q™ 2(Sy), we have f = f'g for some g € Hompg(2™(Sy), Q™ 2(Sy))
and f' € Homp(Q™2(S)), S;). Since g = Q™ 2(g) for some homomorphism
g : %(Sy) — Sp, the desired statement follows from f = f'- Q™ 2(g) and
the induction hypothesis for ' € Homp(Q™%(S)), S;) ~ Ext}y*(S, S;) and
g e HOIHR<QZ(S()), So) ~ EX’E%(SZ', Sl)

b) Assume now that f induces a non-zero map on the extreme left direct
summand of top Q" (Sy) (hence we have j = 0). By Proposition 4.1, the
diagram of 2™ (Sy) contains on the left side the closed subdiagram

So S
D' N A (5.3)
So
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(the edge & being added while constructing Q™ 2(Sy) from Q™ %(Sy)). Let
Dy be the diagram of M; = Q™(Sy) and let Dy be the diagram of M, =
Q'(Sy). Since the diagram D’ in (5.3) is an open subdiagram of Dy, we can
apply Lemma 5.2. Hence we have f = f/Q!(g) for some homomorphisms
[ € Homg(Q(Sy), Sp) and g : Q™ 1(Sy) — Sp. Now our statement follows
from the induction hypothesis for f/ € Homz(Q'(Sy), So) =~ Ext(So, So) and
§ € Hompg(Q™1(Sp), Sp) ~ Ext’h (S, So).

c) Assume that f induces a non-zero map on the extreme right direct
summand of top Q2" (Sp) (we have now j = 1). In this case we take the
diagrams of Q™(Sy) and Q'(Sp) as Dy and D, respectively, and we define D’

as follows:
So S

D/ : o\ A&b (54)
So .

Since D’ is an open subdiagram of D, and a closed subdiagram of Dy, we
deduce from Lemma 5.2 that we have again f = f’-Q!(g) for some [’ €
Hompg(Q(Sy), S1) and g € Hompg (2™ 1(Sp), Sp). The desired statement now
follows as above.

Case 2: m = 2(mod6). a) In this case the diagram of Q™ 72(S) is
a closed subdiagram of the diagram of Q™(S;) (see Proposition 4.1). If
f:Q™(Sy) — S5, induces zero maps on the extreme simple direct summands
of the module top 2™(Sp), we can proceed as in the case 1a).

b) By Proposition 4.1, we adjoin on the left side of diagram of Q™ 2(S,)
the reversed subdiagram D’ in (5.4). Therefore, if f induces a non-zero
map on the extreme left direct summand of top Q2™(Sy), we can apply the
argument of the case lc).

¢) Assume that f induces a non-zero map on the extreme right direct
summand of top Q™(Sy) (we have now j = 1). If we take the diagrams of
Q™(Sy) and Q'(S;) as Dy and Dy respectively and define D’ as follows:

So Si

D/I @\\ /ptfl
Sl 3

we deduce from Lemma 5.2 that f = f"-Q!(p) for some f' € Hompg(Q2!(S1), S1)
and p € Hompg(2™1(Sp), S1). The desired statement follows.

Case 3: m = 3(mod6). It is clear that the map f: Q"(Sy) — 95,
j =0,1, induces a zero map on the extreme right simple direct summand of
the module top Q™(Sy) (see Proposition 4.1). If f induces a zero map also
on the extreme left simple direct summand of top Q2" (Sp), we can argue as
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in the case 1a) because the diagram of Q™ 2(Sy) is a closed subdiagram of
the diagram of Q™ (Sp). If this induced map is non-zero, then we can apply
the argument of the case 2¢).

Case 4: m =4 (mod 6). By Proposition 4.1, the canonical decomposition
of the module top Q2™ (Sp) has one additional summand (on the left side) with
respect to the module top 2™ 72(Sy), namely, S;. As the map f: Q™(Sy) —
S;, 5 = 0,1, induces a zero map on this additional summand, we can argue
as in the case la).

Case 5: m = 5(mod6). a) Let D be the diagram of Q™ 4(S;). By
Proposition 4.1, the diagram of Q™(S;) contains D as a closed subdiagram
and can be obtained as follows:

Sl So Sl SO

/5 oo\ s+ D+ N b (5.5)
SQ Sl Sl

If f: Q™(Sp) — S induces zero maps on the extreme simple direct summands
of the module top Q™(Sy), we take M; = Q™(Sy), My = M’ = Q™ 4(S)
and proceed as in the case la).

b) Assume that f induces a non-zero map on an extreme left direct sum-
mand of top Q7 (Sy) (hence we have j = 1). From Proposition 4.2 it follows
that the diagram

Si So
D': 5 N Y
S 51

is an open subdiagram of the diagram of Q3(S;). Consequently, we can apply
Lemma 5.2 taking M; = Q™(Sp) and My = Q3(S;). Then we proceed as in
the case 1b).

c) If f induces a non-zero map on an extreme right direct summand of
top 27(Sp) (hence j = 0), again by Proposition 4.2, the diagram

Si So
D': N SB
S1

is an open subdiagram of the diagram of Q'(S;). We can apply Lemma 5.2
taking M; = Q™(Sp) and M, = Q'(S;) and proceed as above.

Case 6: m = 0(mod6). Let D be the diagram of Q2™~4(Sy). By Proposi-
tion 4.1, the diagram of Q2 (Sy) contains D as a closed subdiagram and can
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be obtained as follows:
So Sy Si So

aN + D 4+ NN a1 . (5.6)
Sl SO

If f: Q™(Sp) — S induces zero maps on the extreme simple direct summands
of the module top Q2™(Sy), we argue as in the case 5a). If f induces a non-
zero map on the extreme left direct summand of top 27(Sy) (hence j = 0),
we can apply the argument of the case 5c), because the diagram of Q™(.Sy)
contains on the left side the same (but reversed) subdiagram as the right-
side subdiagram in the case 5 (cf. (5.5)). At last, assume that f induces a
non-zero map on the extreme right direct summand of top 27 (Sy) (again we
have j = 0). We apply Lemma 5.2 with M; = Q™(Sy), My = Q'(Sy) and
define D’ as follows (cf. (5.6)):

Sh So

W\ et
So

Then we complete the argument as above using the induction hypothesis.

If i = 1, we can prove the desired statement in the same manner as in
the case ¢ = 0. The details of this proof are left to the reader. [l

Proposition 5.4. The elements of X C Y(R) satisfy the relations (2.2).

Proof. We prove only 23 = §(s,2)y;. The verification of the other relations
is similar and is left to the reader.
Since T = sq(ng) a9, Q(()O)) and QY(7,) = sq(ng) Y, ng)) with U in

— —06572
(5.2), we have (22) = &, - Q}(F)) = sq(Q 125 Q) = sq(@? L9,

ng)). If s > 2, this map obviously induces a zero map Q%(Sy) — Sy, which

implies 2 = 0. If s = 2, (22) coincides with 7y, therefore 2% = y;. O

6 Proof of Theorem 2.1

Let £ = @m>0 E™and Y = @m>0 Y™ be the decompositions of £ and Y
into homogeneous direct summands. Let ¢; denote the idempotents of K[R]
corresponding to the vertices i = 0, 1,2 of R as well as their images in £. We
use the same notation for the idempotents ¢; = idg, € V.

By Propositions 5.3 and 5.4, there exists an epimorphism of graded K-
algebras ¢ : &€ — Y with ¢(g;) = &, o(x;) = x;, o(y;) = yi, p(2) =
z, p(w) = w. To prove Theorem 2.1 it remains to show that ¢ is a monomor-
phism. It follows from the following result.
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Proposition 6.1. For any i,j € {0,1,2} and m > 0, we have
dimg (e;EMe;) = dimg Ext (S;, 5;). (6.1)

Proof. For m < 5, the relations (6.1) are verified directly. Let us assume
that m > 5. We suppose additionally that £ > 1, s > 2 and t > 2. The
remaining cases are proved in a similar way, and we leave their proof to the
reader.

a) First we consider the case i = j = 0. It follows from the relations (2.2)
that the K-algebra €y€¢q is generated by the elements
T =21,Y =Y, U= 2T3T2
satisfying the relations
vy =yx, yu = uy, 2> =0, u® = 0. (6.2)

Therefore, any non-zero monomial in £0€™eq (i.e. the image of a path in
K[R]) is equal to one of the following:

y"(wu)”, y"(ux)", y'e(ur)”, ylu(ru), (6.3)

with n,7 > 0.

Put d,, = dimg £¢€™ecy. We claim that d,,, — d,,_» is equal to the number
of monomials in (6.3) for which n = 0. Indeed, the monomials of degree m
in (6.3) form a K-basis of £9€™ey. Replacing n by n+ 1 in the elements of
the similar basis of £g£™ 2 gives those basis elements of £9£™e for which
n > 0. It shows that the basis elements of £g£™¢( for which n > 0, are in one-
to-one correspondence with the basis elements of 0™ 2¢,, which implies
our claim. If n = 0, then we have for the monomials in (6.3)

m =671, or m=67+1, or m=67+5,
whence we obtain that

2, if m =0 (mod6),
dyp — dm—2 =<1, if m=1orb5(mod6),

0, otherwise.
Corollary 4.7a) implies that the sequence {dimy Ext};(So,Sy)} satisfies a

similar recursive relation. The assertion (6.1) can be now established by
induction on m.
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b) Assume now that ¢ = j = 1. Relations (2.2) imply again that the
K-algebra €,€¢; is generated by the elements

T =1T3,Y =7Y2,V=T2X12

satisfying relations similar to (6.2) (with replacing u by v). Consequently,
e1€e1 =~ ¢o€ey as graded K-algebras and our statement follows from the
previous part of the proof.

c) Assume that ¢ = 1,5 = 0. It is clear that any non-zero monomial in
1EMeg is equal to f - xo - g for some monomials f € 8¢ and g € gy€ey.
Similarly to the part a) we obtain that f is equal to one of the following
monomials (cf. (6.3))

ys(z50)’, ys(vas)’, ysws(vas)’, yso(sv)’, (6.4)
where v = xow12z and (,0 > 0. As we have the relations yor3 = w3ys,
y2v = vyo and yexs = xay;, we can assume in (6.4) that ¢ = 0. Moreover,
(vag)zy = z2(x1u), and hence we can additionally assume in (6.4) that 6 = 0.
Using xou = 0, we see that any monomial in £;E™¢( is equal to one of the
following:

Ty -yl (xu)", mo - ylay(uxy)”, x3-x0 -yl (v1w)7, T3 2o -yl (uzy)” (6.5)

with n,7 > 0. Put d,, = dimge1EMeg. As in the part a) of the proof, we
see that d,,, — d,,_o is equal to the number of monomials in (6.5) for which
n = 0, whence we obtain that

2, if m=2(mod6),
dp —dp—o =<1, if m=1or3(mod6),

0, otherwise.

By Corollary 4.7b), the sequence {dimg Ext}y(So,S1)} satisfies a similar re-
cursive relation, and we deduce (6.1) by induction.

d) Assume that ¢ = 0,7 = 1. Any non-zero monomial in £o£™e; is equal
to f -z - g for some monomials f € o€y and g € €1E¢;; furthermore, g is
equal to one of the monomials in (6.4). Since zys = Y12, z(x3v) = (uxy)z
and zv = 0, we can assume that g = €1 or ¢ = x3. Using uz = 0, we see that
any monomial in £9£™e; is equal to one of the following:

y?(uwl)T 2 ?/17951(U331)T 2 y’f(uxl)T T2 X3, y’fxl(uwl)T T2 T3 (6'6)
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with n,7 > 0. Put d,, = dimgeoE™ey. As above we see that d,, — d,,_»
is equal to the number of monomials in (6.6) for which n = 0, whence we

obtain
2, if m=4(mod6),

dy, — dm—o =<1, if m=3or5(mod6),

0, otherwise.

It remains to observe that the sequence {dimy Ext; (S, Sp)} satisfies a sim-
ilar recursive relation by Corollary 4.7 c).

e) Assume now that i = j = 2. Relations (2.2) imply that the K-algebra
£9€¢e9 is generated by the elements w and w' = zyx3101125 satisfying the
relations ww’ = w'w, (w')? = 0. It is easily seen that

1, if m=0or5(mod6),

dimg e2EMey =
ez ? {0, otherwise,

and we obtain the formula (6.1) from Corollary 4.7 d).

f) Assume that i = 2, j = 1. Any non-zero monomial in £2€™¢; is equal
to f - x4 - g for some monomials f € €3€e9 and g € £:€¢1. Since we have
w - xy = —xy4 - x3v (recall that v = zoxy2), W' - x4 = 0, x4 - vr3 = 0, We see
that any monomial in €,€™¢; is equal to one of the following:

zy - (230)?) 24 (230)%28
with # > 0, whence we obtain

1, if m=1or2(mod6),

0, otherwise.

dlmK 828m€1 = {

By Corollary 4.7f), we obtain (6.1).

g) At last, assume that i = 2, j = 0. As above, we can prove that any
monomial in £y€™e, is equal to one of the following:

(uxq)" - x5, z1(uxy)” - 5
with 7 > 0. From this it follows that

I, if m=1or2(mod6),

dimpg egEMey =
=0 ? {0, otherwise.

Using Corollary 4.7 f), we establish the desired statement. n
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7 Appendix (for the referee only).
The ()-translates of generators

7.1 The differentials in the resolutions

o p AXb 0 0
(0) C ) _ (B =t 0 o)
dO :(C( ﬁ)adl _(0 \ob p>ad2 =10 o - 0 )
0 0 ptt 4
o —pt 0 0 Brxd 0 0 0
Jo_ |0 B8 et 0| e[ p AL 00
3 0 0 A0b —p r 0 1% 5 0 !
0 0 0 B\ 0 0 pt =)
X ot 0 000 a —pL 0 0 0
1 0O p Xb O 0
Q) 0 5 -a 0 0 (0)
d! dY =10 0 a -8 0
0 0 Xb p 0 2
0 0 0 Bl 0O 0 0 p %)
« 0 0 0 0 o
(1) _ W (=BXd 0\ @ (X —p
dO - (5 p)u dl - ( pt—l (5 ) d2 - 0 6)\6[ )
B —at 0 0
d) = (3 I 5) V=0 x p 0
P 0 0 Bl —a
_ =1
p AL 0 0 0 O —pt 0 00 0
0 _ﬂ 0 0 0 5 o' 0 0 0
dtd = @ 7P dV=10 0 AN —p 0 0
> 0 0 p~t X 0 6
0 0 0 =1 _g 0 0 0 Bl o O
@ 0 0 0 0 \b —p
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OO OO

[Nl o]

7.2 The Q-translates of 7;

B 0 0 0 5§ —pt—t 0 0
p =Xb 0 0 0 Jé] a1 0 p AMb 0 0
0 a J¢] 0 0 0 Aob —p 0 a -8 0 ¢}
0 0 Pt =X/ (o\O 0 0 Bxd) o\0 0 o7t 5] (o\O
Q@4 Q@3 &)
0 0 0 —8(s,2)
0 0 a2 0 l 8 (1) 5(30’2) 8 l 0 —a2 Ol
0 -1 0 0 1 0 0
1 o 0 0 10 0 0
R el
d3 d2 dl
a —pl 0 0 0
0 p Xb 0 0 X6 pt—1 0 0 0
0 0 o -8 0 0 Ié; -~ 0 0
0 0 0 pt=t X 0 0 Adb p 0
(\0 0 0 0 a7t (N0 0 0 Bl —a) (0
Q7 QG 5
02) 5(%’2) g 0 0 0 5(s,2) 0 00 0  8s2)-A
Sd o 0 l 0 0 —a°2 0 0 l 0 0 6(s,2) 0 i
0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 -1 0 0 0 0 10 0 0
(0) (0) (0)
@ © @ © 4
d5 d4
7.3 The (-translates of 7.
B 0 0 0 5 —pt—t 0 0
p =X 0 0 0 Jé; a1 0 p AL 0 0
0 «a B 0 0 0 Adb —p 0 « -6 0 8
0 0 Pt =X (0)0 0 0 BAd (0)0 0 pt=t § (0)0
Q. Qg —"Q
00 I 0 0 0 1 0 0 IX 0
(o 0 0 1>l (0 0 0 1>l (0 0 1>l
— Yo = & — QY
dé) 4 dg)
A5 pttt 0 0 0
0 Jé; -1 0 0
0 0 \6b p 0
© 0 0 0 Bl —« (0)
o 5
0 6(k,1) 0 0 0 0 5(k1) 0 0
0 0 I 0 O l 0 0 1 0 l
0 0 0 1 0 0 0 o 1
0 0 0 0 1
Q(l) 1)
5 - 4
FIeD
4
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7.4 The Q-translates of 7.
g 76;5_1 2 8 ) « Bl 0 —Bxd 0
(1\O 0 Bl aQ(1)<O pt—1 A&)Q (pt_l 6)@(1)
5 - 4 1
0 0 0 -1 _
(8 —58, 2) é 8 ) l (8 Pto’z é)i (M((zv 2) 01>l (PtO’Q (1)>l o]

1 1 1 1 1
" — QY — @ — Q) — o
4y ) ) a5

:())1)(?_13_%)@%1)

7.5 The Q-translates of 7.

B8 —a*~t 0 0
0 A p 0 « Bl 0
0 0 B8l —«a NO Lk V.}
—)

W) (Y
3 2

1 1
Q4 Q QY
(~138,0,0) | (—a*=10) | (~b8.0) | (L) |
2 2 2 2
— QY - QY T)Qg)T)Qé)
5 —pt—1 0 0 0 0
0 Ié] a1 0 0 0 P A6b 0 0 0
0 0 Ao —p 0 0 0 «@ —Bl 0 0
0 0 0 Bl « 0 0 0 ptt /\51 0
1N\O 0 0 0 Adb —p 1H\0 0 0 a’” -3 1
o o 3
(717070707070)‘1/ (7b/6A70707070)l (_pt_lzovo’o)l
(2) (2) (2)
Qe RN Qs - i
7.6 The Q-translates of 75.
A (88N)F 5 Jé] a
QF —— @ = @ —— QY = QY QY ——
1
0 g 0 0 L 1
A 1 T O () A ) T
0 0 0 0
0 0 0 0 0 0 0
Q) —— &) —— QA —— X Q) — &
o 0 0 A £ i
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O O = O

~ _
OO O

7.7 The Q-translates of 7.

B\d 0 0 0 5 —pt—1 0 0
p =Ab 0 0 0 Jé; a1l 0 p Ab 0 0
0 o 8 0 0 0 A —p 0 a -8 0
(0) 0 0 ptml =\ (0)0 0 0 BAd (0)0 0 pt=t 6 (0)
5 4 3 2
0 0
0 -1 0
0 0 0 -1 0 0
0 0 1 0 ( ) (0,—1,0)
_Olg)i (A TR i | !
0 0 0 0
QY — g — QY — QP
4O 4 4o
7.8 The Q-translates of 7.
8 —a~1 0 0
0 Ad p 0 (a Bl 0 A —p
\O 0 Bl —a) (\0 pt=t =xs) (y\ 0  BMd 1
o 8 Q2 g
0 -1 0 O 0 -1 0 A0
(o 0 1 o)l (o 0 A)l (o 4)1 (1»0)l
1 1 1 1
Q) —— &) — @ — QY
) ) )
7.9 The Q-translates of Z.
p Ab 0 0 0
0 o —pl 0 0 B8 —a! 0 0
0 0 pt=t X 0 0 bY) p 0 a Bl 0
0 0 0 o~ - (1)0 0 Bl —« (1) 0 pt=t —X§ (1)
Qs 4 3
10 0 0
1 00
0 1 0 0 ( ) (1,0)
]l o) !
0 0 0
SN QY — QY ——
4O 4L 4O
5 —pt—1 0 0 0 0
0 Jé] a1 0 0 0
0 0 XN —p 0 0
0 0 0 Bl o O
(1)0 0 0 0 Xb —p (1)
7 Qs
0 0 0 0 0 1 00 0 0
1 0 0 0 0 01 0 0 0
0 1 0 0 0 l 0 0 b 0 0 l
0 0 &Kk1) 0 0 0 0 0 &(k1)-A 0
(0) (0)
| — QS
3



7.10 The Q-translates of w.

Since the module Sy is Q-periodic with period 6, the Q-translates of @ are
the identity maps:

QY(w) = id: Q"9(S,) — Q(S,), i € N.
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